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1. Motivation: History of Problem of Incompressibility and 
Presentation of Axisymmetric Research
1. Motivation: History of Problem of Incompressibility and 
Presentation of Axisymmetric Research

• The engineering problem of rocket motors circa 1960
• Graduate school professor famous for numerically 

solving problem of incompressibility – Leonard 
Herrmann

• My research on axisymmetric problems

*This presentation includes excerpts from recently published paper:
L. L. Yaw, Axisymmetric Virtual Elements for Problems of Elasticity
and Plasticity, Int. Journal for Num. Methods in Engineering, 2024.

Prof. Leonard Herrmann, 1995



2. The engineering problem of rocket motors circa 19602. The engineering problem of rocket motors circa 1960

• Solid rocket motors, how stress arises
 Lit by igniter to burn from inside out
 Gas pressure builds inside the hollow propellant
 Pressurized gas exhausts through the rocket nozzle
 Gas pressure causes radial, hoop, and z stresses
 The loading is axisymmetric
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2. The engineering problem of rocket motors circa 19602. The engineering problem of rocket motors circa 1960

• Manufacturing solid rocket motors for the space race
 Aerojet (1964) under contract for largest solid rocket ever built (260-inch)
 Aerojet involved in the Apollo space program
 Chemical (solid) Propellant

• Ammonium perchlorate as oxidizer
• Aluminum powder as fuel additive

 A binder to hold the propellant together (polyurethane or polybutadiene 
acrylonitrile)

 The binder/propellant composite is hard rubber-like material
 Resulting material is near incompressible 



2. The engineering problem of rocket motors circa 19602. The engineering problem of rocket motors circa 1960
• Rocket motors



2. The engineering problem of rocket motors circa 19602. The engineering problem of rocket motors circa 1960

• Analyzing Solid rocket motors
 Grain analysis
 Significance of Grain Analysis: Solid propellant 

(“grain”) structural analysis is required to ensure it 
does not crack or fail under load. Dr. Herrmann and 
his team worked on the structural mechanics of these 
motors, which were intended to provide reliable and 
powerful, yet cost-effective propulsion for large-scale 
space launch vehicles

 SIDE NOTE –recent Artemis II used two solid motor 
booster rockets, the largest ever made (2026)



3. Incompressibility3. Incompressibility

• What does incompressibility mean?  No change in volume.
• How is compressibility characterized?  Poisson’s ratio

Greater incompressibility

Numerical = approximate solutions obtained by computer calculations
Numerical problems arise as Poisson’s ratio approaches 0.5

Warning !!!!!

Original Volume = 1(1)(1) = 1 Final Volume = Final Volume =



4. Numerical Solution of Linear Elasticity Equations4. Numerical Solution of Linear Elasticity Equations

• Quantities to determine
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4. Numerical Solution of Linear Elasticity Equations4. Numerical Solution of Linear Elasticity Equations

• Classical Elasticity Equations (15 unknowns, stress, strain, displacements)
• Stress strain relations (6 equations)

• Strain displacement relations (6 equations)

• Equilibrium equations (3 equations)

Green & Zerna, “Theoretical Elasticity", Oxford, 1960.

where

This presentation
assume 
throughout

Warning !!!!!



4. Numerical Solution of Linear Elasticity Equations4. Numerical Solution of Linear Elasticity Equations

• Solving the classical linear elasticity equations for axisymmetric problem
• Requires the solution of following ODE

Where the boundary conditions are
Rigid
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4. Numerical Solution of Linear Elasticity Equations4. Numerical Solution of Linear Elasticity Equations

• Method of finite differences

• Substitute into ODE for each node i, get N equations
and N unknowns (with special consideration at boundary nodes)

Function values at each node

Radial coordinate values

Finite Difference



4. Numerical Solution of Linear Elasticity Equations4. Numerical Solution of Linear Elasticity Equations

• Using classical linear elasticity equations for axisymmetric problem

For small Poisson’s ratio the classical approach works.
Yet, as Poisson’s ratio approaches 0.5 significant errors result.

16 points



4. Numerical Solution of Reformulated Linear Elasticity Equations4. Numerical Solution of Reformulated Linear Elasticity Equations

• Reformulated Elasticity Equations (Herrmann et. al. 1964)
• Stress strain relations

• Strain displacement relations

• Equilibrium equations

Herrmann and Toms, “A reformulation of the elastic field equation, in terms of displacements,
valid for all admissible values of Poisson’s ratio", ASME Journal of Applied Mechanics, 1964.

where

This presentation
assume 
throughout



4. Numerical Solution of Reformulated Linear Elasticity Equations4. Numerical Solution of Reformulated Linear Elasticity Equations

• Solving the reformulated linear elasticity equations for axisymmetric problem
• Requires the solution of following coupled ODEs

where the boundary conditions are
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4. Numerical Solution of Reformulated Linear Elasticity Equations4. Numerical Solution of Reformulated Linear Elasticity Equations

• Method of finite differences

• Substitute into ODE for each node i, get 2N equations
and 2N unknowns (with special consideration at boundary nodes)

Solve for 2 unknowns
at every node



4. Numerical Solution of Reformulated Linear Elasticity Equations4. Numerical Solution of Reformulated Linear Elasticity Equations

• Comparison of Classical and Reformulated Elasticity

16 points



4. Numerical Solution of Reformulated Linear Elasticity Equations4. Numerical Solution of Reformulated Linear Elasticity Equations

• Comparison of Classical and Reformulated Elasticity

16 points



4. Numerical Solution of Reformulated Linear Elasticity Equations4. Numerical Solution of Reformulated Linear Elasticity Equations

• Herrmann Reformulated Elasticity With More Points

56 points



5. Axisymmetric Research – Finite & Virtual Elements5. Axisymmetric Research – Finite & Virtual Elements

• Finite Element Solution – strategies for near incompressibility
opressure displacement solution (Based on Herrmann’s idea)
o selective reduced integration (Hughes, et. al.)
omean strain formulation (Nagtegaal, Krysl)
omethod of incompatible modes (Wilson, Taylor, et. al.)
oB-bar method (Hughes)
omany others…

• Axisymmetric Virtual Elements (did not exist prior to my research)
o Special form of stabilization, method used in this presentation (Yaw)

L. L. Yaw, Axisymmetric  virtual elements for problems of elasticity and plasticity, 
International Journal for Numerical Methods in Engineering, 2024.



• Example with one quadrilateral section finite or virtual element

• For finite elements, the element sections can
be triangular or quadrilateral

• For virtual elements, the element sections can be
arbitrary polygons

5. Axisymmetric Elements for Elasticity

L. L. Yaw, Axisymmetric 
Virtual Elements… 
IJNME, 2024.

100 elements 500 elements



6. Numerical Implementation6. Numerical Implementation

• VEM elements can be concave or convex (finite elements cannot be 
concave)

Concave Convex



6. Numerical Examples6. Numerical Examples
Lamé Problem
Cylinder Under Internal 
Pressure

Case of plane strain

Number of V. Elements = 300

Inner and outer radii

Internal pressure, p = 10

concave

convex

r

r

L. L. Yaw, Axisymmetric  virtual
elements for problems of elasticity
and plasticity, IJNME, 2024.



6. Numerical Examples6. Numerical Examples

Circular Plate
Case of center point load

Simple support case

Fixed support case

Number of Virtual Elements
For Plots = 18000

L. L. Yaw, Axisymmetric  virtual
elements for problems of elasticity
and plasticity, IJNME, 2024.

r

r r



6. Numerical Examples6. Numerical Examples
Elastic-Perfectly 
Plastic Cylinder
Cylinder Under Internal 
Pressure
Case of plane strain

Number of convex
Virtual Elements = 250

Inner and outer radii

Internal pressure, p = 9.29

L. L. Yaw, Axisymmetric  virtual
elements for problems of elasticity
and plasticity, IJNME, 2024.

r r



6. Numerical Examples6. Numerical Examples
Elastic Perfectly 
Plastic Sphere Under 
Internal Pressure

L. L. Yaw, Axisymmetric  virtual
elements for problems of elasticity
and plasticity, IJNME, 2024.

Number of convex
Virtual Elements = 1600

Inner and outer radii

Internal pressure, p = 15.66

r



6. Numerical Examples6. Numerical Examples
Elastic Perfectly Plastic 
Circular Plate Under 
Uniform Pressure

L. L. Yaw, Axisymmetric  virtual
elements for problems of elasticity
and plasticity, IJNME, 2024.

Theoretical Limit Pressure, 
p=0.2609, (Plasticity and Creep. 
CRC Press; 1993)

Axi-VEM Limit Pressure, 
p=0.2594

de Souza Neto EA, Peri ́c D, Owen DRJ. 
Computational Methods for Plasticity. 
John Wiley & Sons Ltd.; 2008.



7. Conclusions7. Conclusions

• Successfully solve known problems to confidently solve unknown 
problems

• Learn by reproducing the results of others

• Axisymmetric virtual elements are viable for problems of elasticity and 
plasticity

• Verified with representative theoretical & benchmark problems



8. Questions?8. Questions?


