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Abgract-- We consider a sensorless approach to feeding parts on a conveyor belt using
pins (rigid barriers) to topple parts into desred orientations. Given the n-sided 2D convex
projection of an extruded polygonal part, its center of mass (COM), and wefficients of
friction, we develop an O(n?) algorithm to compute the toppling graph, a new data struc-
ture that represents the mechanics of toppling including rolling and jamming. The top-
pling graph can be used to identify critical pin heights that permit toppling. We compare
pin heights predicted by the graph with physical experiments, and give a complete O(n®")

algorithm for designing pin sequences.

Index Terms-- Robotics, Parts feeding, Planning, Toppling manipulation.



I. INTRODUCTION

There is a growing demand for automated manipulation anadyss, especidly effident dgo-
rithms, for modern manufacturing. Efficient agorithms can be incorporated to commercid
CAD/CAM software packages to facilitate rapid setup and changeover of assembly lines.

Lyncht? andyzes how a part can be toppled by progranmable pins to a new orientation as

it moves on a conveyor bdt. In this pgper we extend his andyss with a geometric dgorithm
for designing fixed pin sequences for part feeding.

Belt Motion
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Figure 1. The sequence of 3 pins will orient the part as it moves from left to right: four different

initid part orientations reach orientation f,.



Given the n-sded 2D convex projection of an extruded polygona part, its center of mass,
and coefficients of friction, we want to find a sequence of the pins (if exists) such tha the part
emerges in a unique find orientation after moving through. The firg sep is to find the critica
pin heights a each of the pat's sable orientation where the pin can topple the part from one
dable orientation to the next; the second step is to solve a planing problem to desgn an ar-
rangement of the pins.

Our andysis involves the graphica condruction of a set of functions that represent the ne-
chanics of toppling. All these functions maep from part orientation to distance: S'® A *, where
St is the st of planar orientations. We name them shape functions. The toppling graph is a new

data gtructure that combines shape functions to help usto identify the critical pin heights.

Il. RELATED WORK

Erdmann and Masor® introduce a sysematic agorithm for sensorless manipulation to oriernt
pats usng a tilting tray. Brost* develops dynamic andyticd methods for describing the nterac-
tion between a pair of polygond objects in the configuration-space (C-space), and gives ago-
rithms for condructing a st of initid configurations from which a given operation will
accomplish a set of god configuration in the presence of uncertainty. Goldberg® demonstrates
that a sequence of norma pushes can orient polygons up to symmetry. Abdl and Erdmann®
study how a planar polygon can be rotated in a gravitationd field while stably supported by two
frictionless contacts. Zumd and Erdmann’® andyze nonprehensile menipulaion using two
pamsjointed a a centrd hinge and aso develop a sensorless approach to orient parts.

Lozano-Perez’ studies the design of part feeding devices as a dud to motion planning. He
gpplied C-space diagram to describe the function of the devices. The limitation of this goproach

is that the legal postion of the maximad feeders and the swept volumes are dependent on each



other. Therefore, a generate-and-test paradigm has to be used to for the candidates. In this pa
per, we develop a different C-space model based on the nechanics of pins. Natargam® focus
on a computationa abgtraction for part-feeding devices usng flow network andyss. Given k
trandfer functions, fq, fo, ..., fk, on afinite set S, Natargjan shows that fo, if it exists, can be found
in time O(kn®) such that fo(S)| = [fo(v) NI S}| = 1, where fo is a composite of the f'sand n is
the sze of S. Caine!! represents part interactions as motion constraints in G-space, and develop
a set of computational tools to design vibratory bowl feeder tracks. Christiansen et al.!? uilize
genetic adgorithms to the design of vibratory feeder tracks, and Berkowitz and Canny'® apply
dynamic dmulaion to design part-feeding devices which dlowed the user to easly generate
and test the feeders.

Conveyor bdts with rigid fences are initidly andyzed by Peshkin and Sanderson'*, who
develop a numeric search agorithm to find the sequence of the fences to orient parts based on
C-space andysis Wiegley et al.'® gve a complete dgorithm to compute the shortest squence
of frictionless curved fences, and Berretty et al.'® propose a polynomia-time agorithm to find
such a sequence for any polygond part. Gudmundsson and Goldberg'’ derive the gotima belt
velocity of a part feeder based upon a 1D Poisson process model. Akela et al.'® consider a
minimdis manipulation method to feed planar parts using a one joint robot over a conveyor
belt.

Many other part feeding devices have been studied. Bicchi and Sorrentino®® andyze the
mechanics of rolling with a par of padld javs Berrety et al.?° study traps and give algo-
rithms to decide whether or not the part in a specific orientation will fal into a trgp under the

influence of gravity. Blind et al.?! invent a “Pachinko’-like device to orient polygond parts in



the verticd plane. It consgs of a grid of retractable pins that are programmed to bring the part
to adesired orientation as the part fdls.

Our work is aso motivated by recent research in toppling manipulation. Zhang and Gupta??
study how parts can be reoriented as they fadl down a series of steps. The authors derive the
condition for toppling over a sep and define the trangtion height, which is the minimum step

|23 egimate the mass

height to topple a part from a given stable orientetion to another. Yu et al
and COM of objects by toppling. Lynch™? derives sufficient mechanica conditions for toppling

parts on aconveyor bt in term of congtraints on contact friction, location, and motion.

[11. PROBLEM DEFINITION
We assume that pins are fixed and rigid, inertid forces are negligible, and that part geometry
and location of its COM are known exactly.
The input of our dgorithm is a 2D projection of an n-sided convex part, its COM, nmpand ng:
the part-track friction coefficent and the part-pin friction coefficient. The output of our ago-
rithm is a (possbly empty) range of criticd pin heights for the part a each dable orientation. A

pin a acritica pin height can topple the part from that stable orientation to the next.

Figure 2 shows the notation used in our toppling analysis on a 2D projection of a part. The
part moves from left to right on the conveyor bet. The conveyor friction cone hdf-angleis a; =
tari'np and the pin friction cone hdlf-angle is a, = tari*my. The pivot point is the vertex about
which the part rotates and taken to be at (0,0). The COM is a distance r from the origin and an
angle h from the +X axis a an initid stable orientation. We denote the vector at the left edge of

the pin’ sfriction cone asf; and the right edge asf;.



Figure 2. Notation.

Sating from the pivot, we consder each edge of the part in counter-clockwise order,
namdy e, &, ..., &, The edge g, with vetices v; at (X;, z) and Vi+1 at (Xj+1, Z+1), iSin direction
y; from the +X axis. The andyss given below is repeated for each stable orientation of the

part.

V. TOPPLING ANALYSS

We divide toppling into a rolling phase and a settling phase as shown in Figure 3. Let qdenote
the orientation of the part from the +X axis. Rolling involves the rotaion of the part from the
initid orientation (qQ = ) to the ungtable equilibrium orientation (= q) where the COM is
directly above the pivot. During Settling, the part rotates from the ungtable equilibrium orienta-

tion to the next stable orientation (= ).
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Figure 3. Two phases of toppling.

The radius function, R(0), indicates the height of the COM as the part otates; the vertex
height function, Vi(0), describes the height of vertex i, which is vigble from +X axis, as the part
rotates, the rolling height function, Hi(g), is determined for each edge a ¢ << q; the jam
ming height function, Ji(g), is determined for each edge & g <q< . All four of these func-

tions are combined to form the toppling graph from which we can determine the criticd pin

heights for the part.

A. Radius Function

The radius function R S'® A, gives the height of COM as the part otates. Each local
minimum of the function corresponds to a stable orientation of the part°. Note that a pin at a

height h contacts edge g if Vi(Q) < h < Vi+1(0).



B. Vertex Height Functions

The vertex heght function, Vi(Q) = x; Sngq + z cosq, describes the height of vertex i as the
pat rotates. Like the radius function, it is piecewise snusoidd. The vertex height function is
truncated after its globd maximum a the point where it intersects another vertex height func-
tion. This is the point a which the vertex is no longer visble from the +X axis and therefore
can no longer be contacted by a pin. Figure 4 illudrates the vertex height functions and the &

dius function for the part in Figure 2.

0 p/2 P 3 2D

Theta (radians)

Figure 4. Radius function, R(g), and vertex height functions, Vi(Q).

C. Rolling Height Functions

During rolling, the part rotates about the pivot point. Friction between the part and the corn-
veyor belt must prevent the pivot point fom diding rdative to the bet; but friction between the
pat and the pin must not prevent the pat from dipping relative to the pin. Additiondly, the

system of forces on the part: the contact force at the conveyor, the contact force at the pin, and



the pat’'s weight, must generate a postive (counterclockwise) moment on the part about the
pivot point.

The ralling heght function, Hi(g), is the minimum heght that the toppling contact in edge
e mug be in order to roll the part during the rolling process, where g = ~q. The function is
determined as a function of g using an andysis adapted from the rolling conditions in Lynch'.
Those conditions are derived using a graphical method from Masor?*.

We begin by congructing a region as shown in Figure 5 with vertices B at (r cos(h+qQ), r
cos(h+g/rg), P at (0,0), and B at (r cos(h+0), -r cos(h+g)/rny. For afixed pin to cause roll-
ing, the contact force between the pin and the pat must make podtive moment about every
point in the P, P,Ps triangle.

Additiondly, by examining the kinematics of the part and the pin during rotation, we can
determine which direction the pin dips reldive to the part. This knowledge dlows us to limit
our consderation to one edge of the friction cone, depending on the direction of dip. In gent
erd, the rolling conditions will depend on whether the contact has a podtive or negative X ©-
ordinate, i.e. whether it isright or left of the Z-axis.

Let w; be the distance dong edge g as shown in Figure 5. Any point on & can be expressed
interms of w; as (xi + Wi cosyi, yi + W; siny;). Let w;” denote the critical w; where the contact is

on the Z-axis. Therefore, we have:

Xicosq -z Sing + w; cos(yi+ @) = 0,
or

Wi = (- x;cosq + z sinq)/ cos(y i+ ), )



and the height of thepoint at w;” is

Hi () = xisSing + z cosq + w; sin(yi+0). 2)

The contact is left of the Zaxisif wi > w; ; right of the Zaxisif w; > w; . Let H;(0) denote

H(g) when the contact is left of the Zaxis, and Hi.(g) denote H(g) when the contact is right of

the Z-axis.

Figure 5. Rolling condition.

1) Contact to the right of the Z-axis
For the case where wi £ w; , as the part rotates, the contact between the part and the pin
moves such that w; is decreasing. Therefore, the contact force must be at the left edge of the pin

friction cone. The rolling height for this case is determined by projecting lines from R and P, at



the angle of f; until they intersect the edge of the part. Of these two intersections, the one with
the maximum height indicates the rolling height, Hi(9), if it islessthan Hi (g).
Let 1w; (g denote the pin contact on & where f passes exactly through point R. We can

show through geometric construction that:

1Wii(9) = (2mz cos by —r cos(bj-h) —r cosny -2mxisinby + nir sin(by-h) + mer sinny) / (2m

sin(bi -y ). (3

whereby = yi+ p/2+ apand v = by + h+ 29

Smilarly, the contact on g for fi passng through P, is given by

oW (0) = (7 cosby - x; sinby) / sin(by -yi). (4)

L et w;”denote the maximum of 1w; and owi. By geometry, wi™ can be shown to be

wi* = ®)
T Wi 02<0 <0,
where
Jp=p-a,-a,-y, (6)
G =p-a,-y, 7

Therefore, for w; £ w; , the ralling height function, Hii(0) is given by



Hi(g = xisinq + z cosg + w; Sin(yi+ g, 8

where
10 wj <0
— I *
Wil = iwi OEw Ew ©)
W wosw

2) Contact to the left of the Z-axis

In this case, where w; > w;", the contact between the part and the pin moves such that w; is
increesing. Therefore, the contact force must be a the right edge of the pin friction cone. Roll-
ing is guaranteed if a force a the angle of the right edge of the pin friction cone generates a
positive moments about the P, P,P5 triangle.

Let 1wi (g denote the contact on g where § passes exactly through point R. We can show

through geometric congtruction that:

1Wir (Q) = (2mpz cos by, — r cos(bir-h) — r cosny, - 2nxisinb, + nr sin(by-h) + nar sinny) /

(2nasin(bir -yi)). (10)

where by, = yi + p/2-ap and vir = by + h+ 29

There is no angle a which a force a § will pass through R or P; and be higher than wi(Q).

Therefore, for w; > w;", Hi(Q) isgiven by:

Hir(Q) = XiSing + z cosgq+ wi, Sin(y i+ Q), (11



where

.i. \Ni* 1Wir £VVI
Wir - Il 1Wir VVi*£lWir £ Ii (12)
} ¥ lWir 3 ||

and [; isthelength of edge e.

3) Contact on both sides of the Z-axis

Note that if an edge has part of its length to the left of the Zaxis and part right of the Z
axis, there may be two separated contact regions on the edge where rolling can occur. For this
reason there will be three ralling height functions H;(g) for the partid edge left of the Zaxis,
Hi-(9) for the partid edge right of the Zaxis, and H;" (g). For this case, the pin & height h can

rall the part if H;" (9) > h > Hi(g) or h > H;(g), whereq < g< q.

O

Height

Theta(radians)

Figure 6. The functions Hil(9), Hir(0), and H' ().



Figure 6 illudrates the functions Hi(g) where the pivot is vs in Figure 2. In this case a; =
0.65cm, ap = 0.09cm, r = 9om, and h = 50°. Thekink in Hx(g) indicates the rotational angle
where ,wy, becomes higher than owi,. We determine Hi(g) for each visble edge of the stable
orientations. Note that Hi(g) must be bounded by the Vi(g) and Vi:1(9) and is truncated where it

intersects those functions.

D. Jamming Height Function

After the part has rotated to q, rolling process ends and stling starts. The part may jam
while settling due to the friction We intend to determine if the pat will fall to the next dable
orientation. Note that we do not consider the full d/mamics of the settling process or dlow the

part to rotate past the next stable orientation due to its momentum.

Figure 7. Jamming condition.



Jamming is the compliment of the rolling process. For ralling dl forces within the pin fric-
tion cone must make a podtive moment about the RP.Ps triangle to guarantee no jamming any
force within the pin friction cone must not make a negative moment about P;P,P3. Figure 7
shows that due to the pogtion of the COM during settling the RP.Ps triangle is oriented in the
opposite direction as during rolling. Therefore, we again divide our consideration into the Stua

tions where the contact is at the Ieft/right of Z-axis.

1) Contact to theright of the Z-axis
When the contact is right of the Zaxis, rotation causes the contact to move such that w; is
decreasing. The contact force, therefore, is a . Projecting lines a the angle of the left edge of

the friction cone from Py, P, and P5 until they intersect the edge, we obtain:

awii (Q) = (2mpz cos by + r cos(by-h) + r cosny -2nxisinby + nr sin(by-h) + mr sinny) /

(2npsin(b;; -y ). (13)

Any pin lower than the minimum of these three functions will cause janming. Let o be

the minimum of 1w, »Wir, and 3wii. g can be shown to be

.}3\Nil g, <9 <0y
Qﬁ =1,W  (x<g<Qy (14)

{1W|| QZ1<q<p_y
where

Q21:p+at' ap'yi (15)



q32:p'at'ap'yi (16)

Therefore, The jamming height function for this Stuation, Ji(0), is then given by

Ji(@ = xisinq + z cosq +qusin(yi+ 0 (17)
where
10 9y £0
|
Gi=iqgf O£qiEw (18)
twy g >w
andqg < g< a.

2) Contact to the left of the Z-axis

When the contact is left of the Z-axis, rotation causes the contact to move such that w; is in-
creasing. The contact force, if exidts, is a f. In this Stuaion it is impossble to cause jamming
gnce f; cannot creste a negaive moment about the P1P,P; triangle. Therefore the jamming

height function equals 0, i.e., Ji(9) = O, whenw; > w;

E. The Toppling Graph
Figure 8 illudrates the entire toppling graph that combines the radius, vertex height, rolling
height, and jamming heght functions to represent the full mechanics of toppling. From the top-
pling graph the criticd pin heights for each visble edge of each stable orientation can be de-

termined or shown to be non-existent.
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Figure 8. The toppling graph for the part in Figure 2.

For toppling from one stable orientation to the next to be successful there must exist a hori-
zontd line from the angle of the dable orientation to the angle of the next dable orientation at

height h that has the following characteridtics

1.if Vi(9) < h < Viz1(0), then H (@) > h> Hi(9) or h > H;(g), whereq < g< ¢;
2.if Vi(g) < h< Viz1(9), then Jy(9) < h,whereg < q< ¢,; ad

3 h< max (Vi(9), whereg < g< q.



The fird two criteria are satisfied when the pin is above both the rolling height and the
jamming height on the edge it contacts. When h crosses a vertex height function, the part
switches contact edges and then h mug be above the rolling heght and jaméming height func-
tions for the new edge. The third criterion is that the pin must not lose contact with the part by
passing over it during the rolling phase.

Note on the graph that the solid verticd lines indicate the angles of stable orientations and
the dashed verticd lines indicate g’'s. From the grgph we can determine a range of heights for
each stable orientation in which a pin will topple the part to the next stable orientation, or de-
termine the range does not exigt.

The toppling graph described above predicts for each orientation of the part the immediate
action function that takes place when the part hits a pin a a specified height. The four possble

vaues of the function are:

Non-action: the part passes under the pin or hits the pin but fdls back to the same stable
orientatiory,

Jamming: the part gets stuck;

Repeating: the part turns to the next stable orientation and will hit the same pin again;

Passing: the part turns to the next stable orientation and will nat hit the same pin again.

For example a pin a heght A will cause Pasing; while & B and C Repeating will occur.
Note that B switches edges during rotation. D is an example of Non-action, where rotation ke-
gins but is not successful due to loss of contact with the part before reaching . E represents

Jamming when the pin contacts with edge e.



V. PHYSCAL EXPERIMENTS
We conducted physicd experiments using an Adept Flex Feeder conveyor belt. The pat from
Figure 2 was machined from auminum and the pin from ged. The corresponding friction cone
haf angles are a; = 53° + 2° (the bet is made from a high friction maerid), and a, = 5° + 2°.
The criticd pin heights predicted by the toppling graph and measured with physica experi-

ments are compared in Table 1.

Pivot Initial Criticd Pin Heights (cm)
Veatex | Contact Prediction Experiment
Edge
1 2 [29,5.7] [2.8,5.7]
1 3 [83,9.5] [83,9.5]
5 1 [2.6,4.1] [2.6,4.1]
3 4 [12,86] [18,86]
2 3 [15,34] [15,34]

Table 1. Comparison of prediction with experiment.

Although our friction measurements are inexact, the predictions are close in dl cases ex-
cept the lower bound in row 4. Since we project w; onto the vertica to find H;(g), errors dong
the edge are projected and thus reduced by the sine of the edge angle. The sneiscloseto 1 in
the 4" row, thus this error is larger. For the upper bounds in this row, the top of the edge de-

fines the limit in both prediction and experiment.



VI. PINPLANNING

We want to use the toppling graph to desgn a sequence of pins such that a part will turn from
an initid unknown orientation into a unique find orientation, if possible.

To this end, for each stable orientation, we want to compute the immediate action function.
This function maps the height of the pin to four possble vaues Non-action, Jamming, Passng,
and Repedting. We can essly extract this information from the toppling graph. The complexity
of the immediate action function is the same as the complexity of the toppling graph: for each
of the O(n) stable orientations of the part, there are O(n) possible intervas linked to actions.

Rether than the immediate action, we would like © know what the final outcome will be d-
ter the part interacts with a pin. Therefore we define the final outcome function for each stable
orientation. This function maps a pin height to the index of a stable orientation, or to the value
Jamming.

The final outcome function can be computed from the immediate action functions. For a
stable orientation f;, the Jamming intervals in the immediate action function appear as Jamming
intervas in its find outcome function. The Nonraction intervas map onto index i. The Passng
intervals map onto index i-1 (or n+ i-1if i-1 £ 0). The Repedting intervas map onto index i-1,
or must be further subdivided by consdering the immediate action function of the next stable
orientation. This has to be repeated until ether dl intervas are filled in, or we g/dicdly reach
fi agan, in which case the remaining intervas are labded jamming (because the part will keep

on rotating in front of the pin). See Figure 9 for an example.
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Figure 9. Fin action diagram: the computation of the final outcome function for stable orienta-
tion f; from the immediate action functions. The black vertica bars correspond to Jamming; the
heavy shaded bars to Repesting; the light shaded bars to Passing; and the white barsto Non-

action.

Because every interva boundary is a boundary in one of the immediate action functions,
the complexity of the find outcome function is O(n%). We need such a function for each of the
O(n) stable orientations.

The find outcome function provides the basis for our pin planning agorithm. Initidly the
part can be a any sable orientation. After passing a pin the part can ill lie on a subset of the

dable orientations. Clearly, the height of the pin should be such that it never jams the part. So,



it must lie outsde of the union of the jamming intervas of dl find outcome functions By
merging the find outcome functions we derive O(n®) different intervals of pin heights which
each maps our st of dl possble stable orientations onto (smaller) sets of sable orientations.

For each of the smaler sets we repeat the process of merging the find outcome functions,
to compute height intervas for the second pin together with the corresponding, again smaler,
sets of dable orientations. We continue until we reach a set of cardindity one (or sets can no
longer be reduced). In this way we can compute the smalest set of pins required to uniquely
orient the part.

It is essy to see that this agorithm can take exponentid time, O(n®"), in the worst-case, but
we expect it to behave much better in practice. We are currently working to identify properties

of the action functions that will dlow usto give afagter dgorithm to compute pin plans.

VIl. DiscussON AND FUTURE WORK

This paper introduces severa new functions that comprise the toppling graph and shows how
this graph can be used to find critical pin heights for part feeding. We then show how the graph
can be used to design sequences of pins.

The criticd pin height andyss can be smplified if friction with the conveyor bdt is infinite
and friction with the pin is zero; this could be accomplished with high friction belts and by d-
ggning pins with fredy rotating bearings This would shrink the P;P,P3 triangle to a line segr
ment with the pivot point as the critical point. This dso merges Hi(g) and Ji(g) into a Sngle
continuous function. Hi(g) would be minimized in dl cases and the increase in Ji(g) due to the
increase in conveyor friction would generdly be baanced by the decreased ability of the pin to

cause jamming. This system in generd has the grestest chance of being able to topple the part.



Another practical consderation is that a part in some orientations may not be able to be
toppled. In such a case a smple angled wiper that diminates part orientations above a certain
height could reduce the set of orientations to only those that can be reoriented to a single orien
tation. Finadly, another orienting device such as steps™ or ramps that rotate the part forward-
could be used in conjunction with fixed pins.

We are currently applying avariant of this andysisto the design of parale-jaw grippers®.

y

Figure 10. A pardld-jaw gripper compensates for the resting and the desired orientation of a

part by toppling during grasping.
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